Present Value of an Investment

PV = ____CT___

  1 + r    mT

       m
· CT is cash flow at year T.

· r is stated annual interest rate

· m is number of compounding periods per year

· T is number of years

Future Value of an Investment

FV = C0 (1 +  r) mT 
Net Present Value of an Investment

NPV = -Cost + PV All Cash Flows
Effective Annual Rate


1 +  r     m - 1

       m

· Note: This is different from interest that compounds (say) annually but isn’t paid annually.  This gets you effective interest rates for non-annual compounding.
Continuous Compounding

CT = C0 ( e rT
Present Value of a Perpetuity

PV = __C__

  r 

Present Value of a Growing Perpetuity
PV = ​ __C__

r - g

· g is rate of growth per period;

· C is cash flow one period hence (works for common stock w/constant dividend growth)
Present Value of an Annuity

               1 -  __1__

PV = C   ___(1 + r) T
    = C ( ArT

            r
· Calculates PV in year before first payment

· If there is payment today, that lump sum gets added to the above.

Future Value of an Annuity


FV = C   (1 + r) T - 1


           r

Present Value of a Growing Annuity

                1 -    1 + g   T
PV = C   ___   1 + r

         r - g

· 30% taxation on 8% capital gains reduces that interest rate by 30%
Present Value of a Level Coupon Bond

PV = (C ( ART) +   ___F___



        (1 + R)T

· C is periodic interest payment on bond (PMT)
· R is market interest rate (i)
· F is value of repayment of bond’s principal (FV)
Payback Period Rule
Accept project only if it pays for itself in less than or equal to pre-established time period. (Also Discounted Payback)
· Does not consider when cash flows occur

· Ignores cash flows after payback period

· Arbitrary choice of payback period

BUT, widely used

· Liquidity measurement

· Short-term timing of positive cash flows

· Risk measurement.

Average Accounting Return (AAR)
Accept project only if Actual AAR > Target AAR

(1) Calculate Average Net Income (= Revenue – (Taxes + Depreciation) 
(2) Calculate Average Book Value of Investment, factoring in Depreciation
(3) Divide Average Net Income by Average Investment
· Uses discretionary and irrelevant accounting values (SS says somewhat true)
· Does not consider when cash flows occur

· Arbitrary choice of target AAR (SS says not true)
BUT, still used

· Often considered, even if not the sole or predominant criterion

· Solidity, auditability, principled basis

· Serves as a check on other evaluations

· Disaggregated numbers serve as the best basis for projecting future cash flows

Internal Rate of Return (IRR)

Rate that causes NPV to be zero; 

(1) If first CF negative and all remaining positive,

accept project only if IRR > R

(2) If first CF positive and all remaining negative, accept project only if R > IRR
· Does not consider project risk
· Subject to reinvestment rate fallacy
· Projects can have multiple IRRs
· W/ mutually exclusive projects, IRR ignores the size and timing of investments and returns.  BUT, here you can calculate incremental IRR to judge.  You take P1 and subtract its CFs for all relevant periods from the P2’s.  Then you calculate the IRR of this “investment” and, depending on whether it’s a type (1) or type (2) investment, judge whether it’s a good one.  If it is, then P1 is superior.
Profitability Index (PI)
Accept project only if PI > 1

PI = PV of cash flows after initial investment



Initial investment

· For independent projects, PI tracks NPV
· For mutually exclusive projects, ignores timing and scale.  Must use incremental analysis

· For capital rationing, rank projects in order of PI, unless (1) capital rationing must take place over multiple time periods, or (2) if projects w/ highest PI’s don’t use up all the available capital
Cash Flows
Include: Opportunity Costs, Side Effects, Changes in Net Working Capital, Capital Expenditures, Salvage Value
Exclude: Sunk Costs, Depreciation (*), Allocated Costs

Investment

Capital Expenditures + Δ Net Working Capital + Opportunity Costs

Net Working Capital

Difference between current assets and current liabilities

Includes: Inventory Purchases, Cash Buffers, Accounts Receivable (credit sales)
Excludes: Accounts Payable (must subtract out)
Income, Taxes, Depreciation, and Cash Flow from Operations (Operating Cash Flow)
· Subtract operating costs and depreciation from sales revenues to get income-before-taxes

· Use this sum to calculate taxes
· Subtract operating costs and taxes from sales revenues to calculate cash flow from operations
Salvage Value

If book value < market value, difference between is taxed and subtracted from market value to calculate salvage value.
If book value > market value, difference between is taxed and added to market value to calculate salvage value.

Interest Rates and Inflation

Real Interest Rate = 1 + Nominal Interest Rate – 1




   1 + Inflation Rate

Real Cash Flow = Nominal Cash Flow




(1 + i)T

· i is inflation rate

Equivalent Annual Cost

When considering two projects of (1) unequal lives and (2) equal revenues and replaceability, 

(1) find cash outflows in real terms

(2) discount cash outflows to present value
(3) calculate present values as annuities and go with which is less
When considering whether to replace a machine, determine relative equivalent annual costs and go with the cheaper one

Sensitivity Analysis

Examines how sensitive NPV calculation is to changes in underlying assumptions, e.g., risk, growth rate, revenue, costs (variable and fixed), investment; Pessimistic, Expected or Best, Optimistic
Scenario Analysis

Examines a number of different likely scenarios, where each involves a confluence of factors

Break Even Point

Sales at which NPV (or accounting profit) is zero

Monte Carlo Simulation

Computer modeling of various NPV results, depending on different variables and their probabilities

Real Options

Adjustments a firm can make after a project is accepted; can be assigned value independent of probability
· Options to Expand (upon initial success)

· Options to Abandon (upon failure, to save $)
· Timing Options
· Embedded Options – e.g., option to use technology for different purpose
Decision Tree Analysis
Expected value analysis using (1) projected NPV’s of different results and (2) their probabilities; work backwards
Risk

The variability of return (though no agreed upon definition exists)

· Nearly a 1-for-1 relationship between risk and return

Percentage Returns

Total Return = Dividend Yield + Capital Gain

Rt + 1 = Divt + 1 + (Pt + 1 – Pt)


   Pt

Pt

Total Holding Period Return

The return that an investor would get when holding an investment over a period of t years.
= (1 + R1) ( (1 + R2) ( (1 + R3) + . . . (1 + Rt) (– 1?)
Normal Distribution Curve

· Symmetric distribution around mean

· 68% of data lies w/in one SD’s of the mean

· 95% of data lies w/in two SD’s of the mean

· Roughly describes the stock market

Geometric Average Return

Average compound return over a period
= [(1 + R1) ( (1 + R2) ( . . . (1 + RT)]1/T – 1 

· Arithmetic may overstate; geometric may understate

· In real world, we only use arithmetic average

Variance (Using Past Data)
Var = σ2 = ​__1__ [(R1 - R)2 + (R2 - R)2 + (R3 - R)2]

       T - 1

· R is average return
Variance (Using Data on Possible Outcomes)

Var = σ2 = _1_ [(R1 - R)2 + (R2 - R)2 + (R3 - R)2]


        n

· R is expected return on the security (weighted average of returns from relevant outcomes)

· n is number of relevant outcomes
Standard Deviation
The standard statistical measure of the spread of a sample.

SD = σ =   (Var

Covariance between Security A and B
Cov(RA, RB) = σAB =

[(RA1 – RA) ( (RB1 - RB)] + ... [(RAn – RA) ( (RBn - RB)]



    n

· R is expected return (see above)
· n is number of relevant outcomes
Also,

Cov(RA, RB) = ((AB)(σA)(σB)

Correlation

Corr(RA, RB) = (AB = Cov(RA, RB)




σA ( σB

· Perfect positive correlation = 1

· Perfect negative correlation = -1

· No correlation = 0

Expected Return on a Portfolio

Weighted average of expected returns on individual securities

RP = XARA + XBRB

· XA / XB are proportions of the total portfolio in assets A and B
Variance of a Portfolio

Var(portfolio) = XA2σ2 + 2XAXBσA,B + XB2σB2

Diversification Effect
The SD of a portfolio is less than a weighted average of the SD’s of the individual securities that it comprises
· Applies as long as ( < 1

Near-Term Return on a Stock

R = R + U

   = R + m + ε

· U is unexpected part of return

· m is systematic risk

· ε is idiosyncratic risk
Beta

The responsiveness of a security to market risks
(i = Cov(Ri, RM) = σi,M
          Var(RM)
       σM2
· Ri is return on asset i; RM is return on market portfolio
· Var(RM) is the market variance

· Average beta across all securities is 1

Expected Return on the Market

RM = RF + Risk premium

· Risk premium is around 8.5%

Capital Asset Pricing Model (CAPM)
Ri = RF + (i ( (RM – RF)

· RF  is the risk-free rate
Some CAPM Terms

Minimum Risk Portfolio

Efficient Frontier: Section of the opportunity set above the minimum risk portfolio

Capital Market Line: Line representing all portfolios of risk free assets and the market portfolio (conditions of market homogeneity)

· In theory, all securities should migrate to the CML
Separation Principle: The market portfolio, M, is the same for all investors—they must separate their individual risk aversion from their choice of a market portfolio
Systematic Risk: Risk affecting a large number of assets, each to greater or lesser degree

Unsystematic Risk: risk affecting a single asset or small group of assets

Market Portfolio

The portfolio of all assets in the economy (S&P 500 is good proxy)

Arbitrage Pricing Theory

R = RF + (R1 – RF)(1 + … + (RK – RF) (K
· (1 is the security’s beta w/r/t the first factor

· R1 is expected return on a security (or portfolio) whose beta w/r/t the first factor is 1 and whose beta w/r/t all other factors is 0

Multi-factor model – disaggregates risk
· Factors can include unexpected changes in: GNP, inflation, interest rate, etc.
· Can measure expected returns more accurately b/c of multiple factors, and doesn’t assume portfolio investment
· However, cannot easily determine right factors
Empirical Approaches

Empirical Models: Based on regularities between various parameters, such as P/E ratio, and asset performance

Style Portfolios: Based on stock attributes, such as high P/E (growth stock portfolio) or low P/E (value portfolio), or benchmarks (e.g., S&P 500)
Cost of Equity or Debt Capital

RS/B = RF + (S/B ( (RM – RF)

For a firm, expected return on assets of comparable risk is the cost of equity capital

Measuring Beta

· Though beta is generally stable, it may vary over time

· It may be difficult or even impossible to obtain sample data on the returns of the investment being measured

· Beta is influenced by changes in production, technology, regulation and the operating and financial leverage of the business

· Industry betas can be used if sufficient similarity exists

Cyclicality of Revenues

The degree to which firms’ success tracks the business cycle

Cyclicality of Revenues ↑, (Firm ↑

Operating Leverage

Fixed Costs ↑, Operating Leverage ↑

Variable Costs ↓, Operating Leverage ↑

OL = Δ EBIT  (   Sales
           EBIT
   Δ Sales

Operating Leverage ↑, (Firm ↑

· Operating leverage magnifies effect of cyclicality on beta
Financial Leverage (Firm Beta)
The extent to which a firm relies on debt (i.e., is levered)

Financial Leverage ↑, (Equity ↑

(Firm/Asset = __S__  ( (Equity  +  __B__ (Debt

       B + S
             B + S

Since (Debt ( 0,


(Equity = (Firm/Asset   1 + B




 S

Project vs. Firm Discount Rate
The appropriate discount rate of a project depends on the use to which the capital is being put, not the cost of capital (recall SML graph)
Weighted Average Cost of Capital (WACC)

A firm’s WACC is its IRR.  Thus it should accept projects with discount rates less than its WACC, and reject projects with discount rates higher.

RWACC =  __S__  ( RS +  __B__  ( RB ( (1 – tC)
   B + S 
    B + S

Efficient Capital Market (Hypothesis)
Market in which stock prices rapidly and fully reflect (“impound”) all relevant information.

Implications

· Investors should be unable to make excess profits by relying on published information

· Sellers and issuers of securities in the market should expect to receive fair value

Weak ECMH

Security prices rapidly reflect all information found in past prices and volume

Implications

·  “Technical analysis”– analysis of patterns of stock and market movement –has no predictive value

· Since stock prices respond only to new info, which arrives without advance notice, stock follow a random walk
BUT
· Within 15 minutes, profits possible w/ computer (can’t regulate it out; need mechanism)
Semi-Strong ECMH
Security prices rapidly reflect all publicly available information
Strong ECMH

Security prices rapidly reflect all information, public and private

Empirics: Event Studies

Abnormal Return (AR) = R - Rm

Studies generally support proposition that abnormal returns occur when and only when new information is released, and thus that market is semi-strong efficient

But semi-strong form suggests form of info shouldn’t matter, but accounting profession disagrees

On average, market outperforms mutual funds

Option
Contract giving its owner right to buy or sell at asset at a fixed price on or before a given date

· Payoff: amount that will be received by the owner of the instrument on sale or settlement

· Profit: payoff – cost of acquisition

· European Option: exercisable only at expiration date

· American Option: exercisable on or before expiration

Call Option

Right to buy an asset at a fixed price on or before a given date

Value of Call at Expiration Date
· In the $$ if Stock Price > Exercise Price

· Out of the $$ if Stock Price < Exercise Price

· At the $$ if Stock Price = Exercise Price

Put Option

Right to sell an asset at a fixed price on or before a given date
Value of Put at Expiration date
· In the $$ if Stock Price < Exercise Price

· Out of the $$ if Stock Price > Exercise Price

· At the $$ if Stock Price = Exercise Price

Put-Call Parity

Since two strategies have same payoff today, they have the same cost/value today

p0 + S0 = c0 + __E__

           (1+ r)T

· S0 is share of stock with price as of T0
· p0 is put on S at price E(equal to S0) for term T
· c0 is call on S at price E (equal to S0) for term T
· E/(1+r)T = zero coupon bond in amount of E payable at time T, at rate r
Protective Put

Buying a put and buying the underlying stock (conservative strategy)
p0 + S0
Selling a Covered Call

Buying a stock and writing a call on the stock

S0 – c0 = -p0 + __E__

                       (1+ r)T

Synthetic Stock

S0 = c0 – p0 + __E__

                     (1+ r)T

Option Pricing

Call Price Range: [greater of S0–E or 0] < C0 < S0

Put Price Range: [greater of S0–E or 0] < C0 < S0

	Increase In
	Call Option
	Put Option
	Stock

	Stock Price
	+
	-
	+

	Exercise Price
	-
	+
	

	Stock Volatility
	+
	+
	-

	Interest rate
	+
	-
	-

	Time to Expiry
	+
	+
	


Levered Equity as a Call Option

· “Underlying asset” is the firm.  “Strike price of the call” is the payoff of the bond

· If firm assets > B, S exercises its in-the-money call by paying B 1000, and “calls” the assets of the firm

· If firm assets < B, S has an out-of-the-money call. S does not pay B, lets the call expire, and the firm declares bankruptcy
Levered Equity as a Protective Put
· “Underlying asset: is the firm. “Strike price of the put” is the payoff of the bond

· If firm assets < B, S will exercise its in-the-money put, and put the firm to the bondholders for whatever assets are in the firm

· If firm assets > B, S will not exercise its out-of-the-money put, let the put expire, pay the debt in full and retain the remaining firm assets
1

